Comparison of approximate and numerical analyses of nonlinear combustion instability by Culick, F. E. C. & Levine, J. N.
o 
AIAA Paper 
No. 74-201 
COMPARISON OF APPROXIMATE AND NUMERICAL 
ANALYSES OF NONLINEAR COMBUSTION INSTABILITY 
by 
F. E. c. CULICK 
California Institute of Technology 
Pasadena, California 
and 
J. N. LEVINE 
Ultrasystems, Incorporated 
Irvine, California 
II11 12th laraSpaca 
SciancaS Maaling 
WASHINGTON, D. C. / JANUARY 30-FEBRUARY 1,1974 
First publication rights reserved by American Institute of Aeronautics and Astronautics. 
1290 Avenue of the Americas, New York, N. Y. 10019. Abstracts may be published without 
permission if credit is given to author and to AIAA. (Price: AIAA Member $1.50. Nonmember $2.00). 
Note: This paper available at AIAA New York office for six months; 
thereafter, photoprint copies are available at photocopy prices from 
AIAA Librarv. 750 3rri AVl'nLJI' Nl'w Vork Npw Vnrk 1n()17 
COMPARISON OF APPROXIMATE AND NUMERICAL ANALYSES OF 
NONLINEAR COMBUSTION INSTABILITY 
F. E. C. Culick 
California Institute of Technology 
Pasadena, California 
J. N. Levine 
Ultrasystems, Inc. 
Irvine, California 
Abstract 
At the present time, there are three general 
analytical techniques available to study problems 
of unsteady motions in rocket motors: linear sta-
bility analysis; approximate nonlinear analysis, 
founded on examining the behavior of coupled nor-
mal modes; and numerical calculations based on 
the conservation equations for one-dimensional 
flows. The last two yield the linear results as a 
lirnit. It is the main purpose of this paper to 
cl1Pck the accuracy of the approximate analysis 
against the numerical analysis for some special 
cases. The results provide some justification for 
using the approximate analysis to study three-
dimensional problems. 
1. Introduction 
When unstable' pressure oscillations occur in 
a combustion chan1ber, the most important practi-
cal consideration is the amplitude of the motions. 
Because the combination of the combustion proc-
esses and the flow field is a self-excited system -
no external influences are involved - an unstable 
motion will reach a limiting amplitude only through 
the action of one or more nonlinear processes. 
The general character of the unsteady motion is 
that initially a small amplitude disturbance in the 
flow is intrinsically unstable and is therefore am-
plified. Interactions between the disturbance and 
the combustion processes provide the necessary 
transfer of energy to sustain the motion. Eventu-
ally, either those interactions or some other pro-
cess, such as a loss of energy due to viscous 
forces, become nonlinear and the time-averaged 
flow of energy to the disturbance is reduced to 
zero. Formally, the system executes a limit 
cycle. There are' conditions, neither well-defined 
nor understood, when small disturbances may be 
stabl", but the system may be unstable to a large 
disturbance which develops into a limit cycle. 
Most of the published works on problems of 
<;ombustion instability in solid propellant rocket 
motors have been concerned with the relatively 
simpler question of linear stability for small dis-
turbances (e. g. refs. 1-5). Those linear analyses 
provide no information about the lirniting ampli-
tudes. Recently, considerably more emphasis has 
been placed on nonlinear behavior. Both numerical 
calculations (refs. 6-9) and approximate analyses 
(refs. 10, 11) have been reported. The purpose of 
this paper is to describe the two ways of analyzing 
the problem and to compare some results. 
There are necessarily some assumptions and 
approximations required to define the problem. 
Numerical solutions to the differential equations, 
and whatever boundary conditions are used, then 
constitute the closest one can approach an "exact" 
solution. The point of view taken here, therefore, 
is t;pat the numerical solutions must in some sense 
be used to check the res ults of an approximate 
analysis. For reasons which will be clear later, 
this is not quite so straightforward as one would 
like. At the present time, the limitations imposed 
separately on the two approaches, but particularly 
on the approximate analysis, are such that only a 
few special cases can be examined. Moreover, the 
res ults are not immediately comparable in all re-
spects. The principal difference is that the nu-
merical solution gives the complete pressure and 
velocity waveforms, while the approximate analy-
sis gives the time -dependent behavior of a finite 
number of harmonic components of the waves. 
The primary simplification used in the existing 
numerical analyses is that fluid motion is limited 
to ope dimension. Consequently, only longitudinal 
motions can be treated, which means that motors 
having, for examp]", slots and fins, or exhibiting 
tangential instabilities, cannot be analyzed. The 
approximate analysis can be used with comparable 
ease (or difficulty) for all geometries. For the 
purposes here, both approaches are based on the 
same set of diffel'ential equations. However, the 
influence of both the exhaust nozzle and the com-
bustion processes,which enter as boundary condi-
tions, are more accurately accounted for in the nu-
merical analysis. 
For practical purposes, one would like even-
tually to devise a relatively simple and inexpensive 
means of calculating both the stability and limiting 
amplitude of a disturbance. An approximate analy-
sis is more likely to be successful in this respect. 
However, there are many features of nonlinear be-
havior which can be studied in detail only with 
"exact" numerical solutions. It is not the purpose 
here to cover thorollghly the numerical results 
which have been obtained (refs. 6-9), and which 
have been very useful. We wish mainly to describe 
the connections between the two approaches and to 
examine a few results. Exanlples given include 
problems of transient wave motion in a box con-
taining a gas / particle mixture {no combustion or 
flow} and some cases of instability in smalliabo-
ratory motors. In view of the simplifications in-
troduced in the approximate analysis, the agree-
ment is surprisingly good, although not wholly 
satisfactory. 
II. The One -Dimensional Problem 
The equations for one-dimensional unsteady 
flow in a solid propellant rocket motor have been 
amply discussed in previous works (e. g. refs. 4 
and 6). For simplicity, only motions in uniform 
chambers will be discussed. Because solid pro-
pellants which contain metal will produce con-
densed material in the combustion products, the 
equations of motion must be written for a two-
phas e flow. Re sidual combustion, condens ation, 
and coalescing of particles within the volume will 
be ignored. Thus, it is assumed that inert parti-_ 
cles, are produced in the very thin combustion zone 
at the burning surface, leave in the direction nor-
ma} to the surface, and join the flow with no fUJ;-
ther changes in their physical properties. More-
over, it is assumed that the behavior of the par-
ticlllate matter may be described by a single 
average size, and single local values of tempera-
ture and speed. The complete set of equations for 
t1w two-phase flow field are: 
gas 
particles 
mon~enturn 
gas 
partie les 
gas 
particles 
a(r u ) +..,J.- (pu2 +p) = F -!3:;Ju 
ot uz p p 
au au 
---E + p u ---E p p at p p Bz -F P 
a(pe) a a ~ " az (pue o ) + az (up) " 
~ h +Q +u F +13'))(e -e ) 
so p p p pos po 
ae Be 
p ---E + p u ---E = _Q p at p p at p 
(2. 1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
The gas phase is treated as a single (average) 
species obeying the equation of state for a perfect 
gas: 
p = pRT . (2.7) 
Erosive burning will be ignored, and the linear 
regression rate of the propellant material is 
repres ented by 
n 
r = cp (2.8) 
where c, n are constant. The total mas s flux of 
material leaving the burning surface is therefore 
p r. Hence, the total rate (i. e., gas and particu_ 
lite ma,tter) entering the chamber per unit length 
is rsrq, where q is the perimeter. The quanti-
ties"l' and i3 are so defined [see (2.1) and (2.2)] 
that with Sc the cross-section area of the channel, 
.rS
c 
and PetS
c 
are the rates at whIch gas and par-
ticles are aQded to the flow, per unit length. 
Thus, the sum of JJS c and !3'l'Sc equals psrq, and 
the source function is 
J' = (2. ')) 
Exchange of n~omenturn and energy between 
the gas and particulate matter occurs through the 
action of the force F and the heat transfer Q . 
Nonlinear representftions are easily handled Ik 
the numerical analysis; for example, in refs. 6,7, 
the following forms are us ed: 
be u p 
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(2.. 11) 
where the Reynolds number is based on the rela-
tive flow speed: 
2 
(2. 12) 
The force (2.10) is based on the drag coefficient 
for a single sphere in steady flow (ref. 12). The 
heat transfer is based On the expression given in 
ref. 13 for the Nusselt number in steady flow. At 
present only linear expressions are used in the ap_ 
proximate analysis. Those are found by setting 
Re = 0 In (2. 11) and (2.12). 
For the problems discussed lfere, the head 
end (z = 0) of the chamber is as s umed to be inert 
and rigid. Thus, the velocity of the gas and parti-
cles is zero there. The boundary condition at the 
aft end of a motor is specified somewhat differently 
for the two kinds of calculations. In the approxi-
mate analysis, the exhaust nozzle is most conven-
iently analyzed as a separate problem; its influence 
on wave motions in the chamber is incorporated as 
a boundary condition set at z = L, by definition the 
end of the chamber. The boundary condition is 
concisely and conveniently <;!xpressed in terms of 
"In admittance function. A very simple result for 
short nozzles, based on the assUlnption of isen-
tropic quasi-steady flow, is used in this work. 
In the numerical analyses, the influence of the 
exhaust nQzzle can be treated in several ways. The 
representation used in the approximate analysis 
can also be accommodated by the numerical analy-
sis. A better approximation, still for quasi-steady 
flow, can be obtained by using a "fractional-lag" 
analysis for the nozzle (refs. 6,14). The most ac-
curate treatment within the approximation of one-
dimensional flow is obtained by solving the general 
conservation equations in the convergent section of 
the nozzle and through the throat into the super-
sonic region (refs. 7-9). 
The most difficult and least certain part of the 
entire problem, no matter what kind of analysis is 
used for the fluid mechanics, is the boundary con-
dition along the burning surface. What is required 
is a specification of the change of mass flux leaving 
the surface in response to a change of pressure. It 
has been established beyond doubt, by both experi-
mental and theoretical work, that the process can 
not be accurately represented by the quasi-steady 
approximation, except for rates of change very 
much slower than those associated with acoustic 
waves. For small-amplitude, steady harmonic os-
cillations of pressure, the boundary condition on 
the mass flux can bt' written in terms of a response 
function Rb ' 
m' (2. 13) 
m 
Most analyses of th,' problem (ref. 15) lead to a 
simple formula for the response function, 
nAB 
Rb = A ' 
A+T-(A+I)+AB 
(2.14) 
where A and B are parameters related to the com-
bustion of the propellant in steady state, and A is a 
complex function of frequency. 
For an arbitrary disturbance p'(t), (2.14) can 
be used as an inverse transform to give m'(t). 
Tl,ere are some practical difficulties which have 
been resolved in the numerical analysis (ref. 6). 
However, under many circumstances, a nonlinear 
computation shoqld be used (refs. 7-9). At the 
present time, the approxim.ate analysis does not 
include either the truly transient character of the 
response or nonlinear behavior. This is a poten-
tially serious weakness which has not yet been 
fully assessed. 
In the numerical analysE's, the I;('t of equations (? I) _ (2. 9), as shown or in slightly different 
forlfls, have been solved by finite difference tech-
niques, and/or by the method of characteristics. 
These equations constitute the starting point of the 
approximate analysis outlined in §4. It is the pur-
pose of the work discussed here to provide an ini-
tial assessment of the additional assumptions in-
troduced in the approximate analysis. 
III. Numerical Analysis 
Broadly, there are three main parts to the 
numerical analysis: the solution for the steady 
flow, the solution for the transient motions within 
the volume, and computations associated with the 
boundary conditions presented by the nozzle and 
the burning surface. In ref. 6, the steady-state 
solution within the chamber was determined by 
solving the equations for steady-state two-phase 
flow written explicitly in the form of conservation 
equations. The result was matched to numerical 
solution for quasi-steady flow in the nozzle based 
on the fractional lag approximation (ref. 11). 
The method of characteristics was used in 
ref. 6 to cOInpute the transient motions. It is nec-
essary then to write the equations in a Inore suit-
able form than given in 92, and in addition there 
are a considerable number of cOInputational details 
which will not be included here. A crucial part of 
the problem, quite apart froIn the nUInerical anal. 
ysis of the Inotions within the chamber, is the 
treatment of the transient burning response. 
Difficulties arise because the transient Inass 
flux due to changes in the burning rate leads or 
lags changes in the chamber pressure. The tiIne 
lag (or lead) is, in general, cOInparable to a typi-
cal period of oscillation in the chaInber pressure. 
Consequently, the burning rate at a particular in-
stant of tiIne depends on the past history of the 
chamber pressure. In ref. 6, a method was 
worked out for handling this probleIn based on the 
inverse transforIn of eq. (2.14). The results were 
therefore liInited, strictly, to SInall (linear) 
changes of burning rate. 
The calculations reported in ref. 7 incorporate 
SOIne iInportant changes. These not only reduce 
substantially the cOInputing costs, but also in-
crease the flexibility of the analysis: Inany Inore 
SPecial problems can be accoITlInodated. The most 
significant changes are that the cOInputations with-
in the volume of the chamber are done with a fi-
nite difference method (ref. 13 ); and the calculation 
of the transient burning rate accounts for nonlinear 
behavior. The nUInerical calculations reported in 
refs. 8,9 are based on siInilar techniques. 
IV. ApproxiInate Analysis 
The approxim.ate analysis used here (ref. 11) 
is based on expansion of the unsteady pressure and 
velocity fields in the natural Inodes of the chaIn-
ber. More details will be given here than for the 
nUInerical analysis so that the approxiInations in-
3 
volved Inay be Inore clearly shown. If p', ~, denote 
the deviations of pres sure and velocity from the 
Inean values, then these are assuIned to have the 
forIns 
p' pI: 11 (t) IV (;) 
n n 
(4. I) 
~ 
~ (t) 
u' r _n 2 VIVn (4.2) 
yk 
n 
Here, y and other properties, including the speed 
of sound, are values for equilibrium behavior of 
the gas/particle mixture. That these are the cor-
rect values to USe has been shown in ref. 5. The 
\I1 n (:;:) are the classical nonnal Inodes for a closed 
chaInber having the same geoInetry as the rocket 
Inotor and the "n(t) are functions of tiIne to be de-
termined. Eventually, the probleIn is reduced to 
solving a set of coupled nonlinear equations for the 
'('.n(t). Interpretation of the general forInulation of 
the probleIn is iITlInediately clear froIn the eq ua-
tions: the pressure field is represented as an in-
finite set of coupled harInonic oscillators, having 
the amplitudes 1'1,,(t). There is one oscillator for 
each natural Inode or harmonic of the chaInber. 
Several approximations are required to produce 
this representation; but in order to obtain solutions, 
the Inost serious influence on the nUInerical re-
sults Inay be the necessity to cut off the series 
(4.1) and (4.2) so that the field is represented by a 
finite number of os cillator s. 
There are experiInental results suggesting 
that the unstable Inotions in motors Inay sOInetiInes 
consist only of a sInall nUInber of harInonics. In_ 
deed, the fir st atteInpt (ref. 10) to analyze the 
problem in this way used the assumption that the 
pressure field could be approxim.ated by a single 
natural Inode. For example, records of firings in' 
T -burners, and SOIne Inotors as well, appear to be 
cleanly sinusoidal with slowly varying amplitude 
and frequency. However, harInonic analysis of 
such records has shown that in fact there Inay be 
significant content of higher harmonics; and there 
are Inany records showing quite obviously that 
higher harmonics are excited. The analysis was 
therefore extended in ref. 11 to accoITlInodate all 
Inodes of the chamber. 
The analysis may be conveniently divided into 
five parts; 
(i) expansion of the pressure and velocity fields in 
two SInall paraIneters, a characteristic Mach nUIn-
ber of the. steady flow field and the amplitude (or 
Mach nUInber) of the disturbance; 
(ii) construction of a nonlinear wave equation with. 
boundary conditions, for the unsteady pressure 
field; 
(iii) substitution of the expansions (4. 1) and (4.2), 
and forInation of the nonlinear ordinary differential 
equations for the 11n(t) ; 
(iv) reduction of the second order equations for 
the 1ln(t) to first order equations by Inaking use of 
the oEserved feature that the aInplitudes and fre-
quencies (or phases) of the n (t) are slowly vary-
ing in time; n 
(v) nUInerical solution of the first order equations. 
A considerable amount of arithInetic is re-
quired in steps (i) - (iii). The equations for the 
'l'1i' obtained froIn integration of the partial differ-
ential equations OVer the voluIne of the chamber, 
have the form 
Tl +:1,2" = F 
n n n n 
(4.3) 
The "force" F acting on the nth oscillator is, in 
general, a non~inear flUlction of both the displace-
ments r· and the velocities';". uf all the oscilla-
tnrs. T~ the pr,,~{'nt tinH', "Aly nonlinearitieH as-
socidted with the fluid mechanics within the volume 
have been accolUlted for. The influences of the 
particles, combustion processes, and the exhaust 
nozzle are all represented by linear approxima_ 
tions. There is no obstacle in principle, but the 
details of working out the nonlinear representa-
tions are difficult. Moreover, the acoustical non-
linearities have been carried out only to second 
order. Under these conditions, the flUlction F n has 
the form 
oc 
F - ?:OCD .1i.+E .,..,.l + SS 1\1 ~R ciS 
n 1= n1 1 n1 1 n vt 
oc 00 
" L: [A .. ';.1i.+B .. Tl.TI.l 
i= 0 j = 0 l11J 1 J l11J 1 J (4.4) 
The surface integral in (4.4) represents the 
influence of combustion; for the problems dis-
cussed here, the quantity R is related to the fluc-
tuation of mass flux leaving the surface by 
R(t) = ~ m~(t) 
En P 
(4.5) 
where p is the average density of the mixture and 
>. is the ratio of the mass of condensed material to 
the mass of gas in a lUlit volume of chamber. 
Strictly, as the remarks in §§ 2 and 3 have indi. 
cated, the truly transient behavior of the cumbus-
tion response should be accounted for. Although 
the numerical calculation of m'(t) for an arbitrary 
pressure disturbance can be handled, using the 
method developed in ref. 6, a slmpler approxima-
tion is used here. It is assu.med that the intrinsic 
transient behavior of the combustion dies out so 
quickly that the long time frequency response can 
be used. Thus, m' in (4.5) must in some sense be 
proportional to the response function defined in 
(2.13). Now the response function is a complex 
function of frequency, and because for harmonic 
motions d/ dt = h, eq uation (2.13) can be written 
m' R (r).r.:. + 2. R (i) ~ ( .r.:.) • 
b - .r b dt -p p m 
(4.6) 
The assumption is that (4.6) may be used in the 
surface integral appearing in (4.4) for any pres-
sure -field. When the expansion (4. 1) is then sub-
stituted, only a single term remains in the nth 
equation, namely that corresponding to T'n' The 
terms are therefore proportional to the real or 
imaginary parts of Rb' evaluated at the frequency 
:1 
n 
Consequently, the combustion term in (4.5) 
contributes to Dnn and E only. It will be showJt 
shortly that D n is twice nfbe growth, or decay, 
constant for tile nth mode, and that the terms 
Dni , Eni for iF n do not influence the approximate 
solutions to (4.5) when longitudinal modes are coo-
sidered. Thus, the linear terms produce no coupl-
ing between modes. This result appears to be in-
consistent with the familiar phenomenon of beating 
found, for example, when two simple pendula are 
4 
coupled. The difference is that for the longitudinal 
modes, the frequencies are integral multiples of 
the fundamental freq uency; to obtain beating, the 
frequencies pf two oscillators should be close, and 
not in the ratio of whole numbers. 
Although th" ("(1I1pl('d set of equati()ns (4.5) can 
be solve~ nUrl11'ri<"ally, it i~ entirely consistent 
with the appl'oxima~ions used in simplifying the 
original partial differential eqllations, and also 
considerably less expensive, to reduce them to 
first order equations before carryiJ;1g out nllIDeri-
cal solutions. This may be accomplished either by 
the technique based on expans ion in two time vari-
able s (ref. 16) or by application of the method of 
averaging (ref. 17). For the general problem, both 
methods require extension, and at the present 
time, it appears that only with the method of aver-
aging can one treat cases in whi"h the frequencies 
are not integral multiples of the fundamental. 
In either case, one aSSllIDes first that the am-
plitudes '!"In(t) can be expressed in the form 
Tl (t) = A (t)sinw t + B (t)cosw t , 
n n n n I n 
(4.7) 
where A ,Bn are slowly varying fllnctions of time 
in the se~se that fractional changes a:r;e small dur-
ing one period. By a relatively simple argu.ment 
(ref. 11), which will not be reproduced here, the 
An' Bn must be found from the first order equa-
tions 
dA 
n 
dt" 
dB 
n 
Cit 
Zrr/w 
n 
I 
'6 
F cos w t'dt' 
n n 
(4,8) 
(4.9) 
These are valid only for problems in whi.ch w = 
nw with '.1)0 the fundamental frequency and n anposi_ 
tiv~ integer. In all other cases, the limits on the 
integrals are (t, t+2rr/wn). 
The nonlinear coefficients Anij , Bpij can be 
expressed (ref. 11) in terms of integralS over the 
mode shapes: 
1 Ifl222 -22, 
A .. =~:-z-:-z lz(k +k. +k. )V .. -'{k. k. W .. J 
l11J -E k. k. n 1 J l11J 1 J l11J 
B .. 
n1J 
where 
'{ n 1 J 
(4.10) 
} 12- 22 • 
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-E c. n· 1 J l11J 1 J n1J 
'{ n 
v .. 
n1J 
W .. 
n1J 
S ~ (V';.), ("VW.)dV n 1 J (4.12) 
S ". ," ". dV '0( _,,:,I. • n 1 J (4. 13) 
In the special cas e of ideal longitudinal modes when 
wn = nwo ' the coefficients Anij reduce to the spe-
c1al form~; 
A .. 
nl) 
13 __ 
nl] 
v fr 2 2 2 - 2 2 ---"'--'-~··l (k +k. +k. )-2yk. k.]Ii \,'-.1'\ 
- z Z Z n 1 J 1] n, 
8yEn \ k j 
Equations (4.8) and (4.9) become first order 
nonlinear differential eq uations for the functions 
Anlt) and Bn(t). The expression (4.7) is substi-
tuted in the integrals, and, awing to the relatively 
slow variations of ~(t), B (t), the may be taken as 
essentially constant for th~ integration. With the 
formulas (4.14) and (4.15) taken into account, the 
differential equations can eventually be written 
ciA 
n 
cit 
dB 
n 
Cit 
f3 00 r 
0. A +8 B - ~ L A.(A. +A. -A .) 
n n n n 2 i=ll 1 1-n 1+n n-1 
+B.(B. +B. +B ')J-
1 I-n ltn n-l 
(4.16) 
(4.17) 
The constants Cln - -D n/2 and 6n c -Enn/2 have 
b"en defined tu simpliFy the forms. 
Obvi8,usl y , ~ is the growth or decay constant 
for the n harmonic: if all ot;her terms on the 
right hand side are ignored, An = o.nA,." w~ich has 
solution An = An(O )exp(Q. t). Hence, the nt har-
monic grows exponentialry in time, the familiar 
behavior for an unstable linear system. This 
shows that the nonlinear analysis red\lces correct-
ly to the case of linear motions, a feature which is 
essentially built in because of the way in which the 
analysis is constructed. It should be apparent that 
the approximate nonlinear analysis accommoda\es 
aU linear results. 
It is not possible to obtain formal solutions to 
equations (4.16) and (4.17), so completion of the 
approxin1ate analysis requires numerical solutions. 
neC"\}S(' th .. oscillatory part of tlw n1f)tion has been 
fPn)lIVpd, soluti()J1s (an 1)(, ubtajnl,d quih' in('xpC'l1-
:;ively: con-'plliatil>11 of on£' (or less) valu" of A ,(i) 
and 13 (t) per cycle is s uffic ient. Huwever, it Is 
neces~ary to truncate the expansions (4.1! and 
(4.2); the disturbance is approximated by a finite 
number of harmonics. This constitutes a rather 
serious approximation which requires further ex-
amination than will be given here. 
The examples treated in the following will be 
based on expansion in five harmonics only. The 
numerical analysis does not yield information 
about the individual harmonics; because it is 
closely an "exact" solution, it contains essentially 
all harmonics. It will become apparent in what 
follows that truncation of the expansions is in some 
respects considerably more serious than in others. 
However, to the present time, the improvement 
'tchieved by accounting for more harmonics has not 
5 
been examined. There is no difficulty in doing so; 
only a straightforward extension of the numerical 
r""lin .. is rNluir"d lo handle more simultaneous 
t'qualiuns. 
V. Summary Comparison of the Analyses 
ln order to conlrast more clearly the analyses, 
it is useful to list the most in1portant features and 
how they are treated, Only those differences which 
are built into the formulation are covered here. 
Other points will arise in the discussion of results. 
Numerical Analysis 
steady-state solution: 
----- .... 
one-dimep.sional; cal-
culated as part of the 
analysis. 
gasdynamic s: 
~
nonlinear, one-
dimensional, exact; 
calculated by finite 
differenceS. 
surface combustion: 
transient, nonlinear 
or linear; quasi-steady 
gas phase; same physi-
cal model used in ap-
proximate analysis. 
Approximate Analysis 
uniform pressure, spec-
ified as part of the in-
put. 
nonlinear, to second 
order, three-dimen-
sional (one-dimensional 
here): expansion in har-
monic s; finite number of 
harmonics accounted for 
linear frequency re-
sponse, short-time 
transients ignored. 
influence of condensed material: 
nonlinear, transient 
behavior (exact). 
nozzle: 
quasi-steady, fraction-
al lag analysis for two-
phase flow. 
~: 
transient qehavior of 
any initial distul!bance; 
usually, the time, 
dependent pressure, 
yeloeity and burning 
are printed and pl()tted. 
linear, short-time tran-
sients ignored. 
quasi-steady; equilibri-
um two-phase flow. 
primary output com-
pris es the time-depend-
ent amplitudes and 
phases of the harmonics: 
only initially sinusoidal 
disturbances have been 
tr('ated. 
It should be particularly noted that the transi-
ent behavior of comiJustion is a crucial part of the 
problem. While the same physical model for pres-
sure coupling (es sentially that reviewed in ref. 15 ) 
is used in bath analyses, two additional simplifica-
tions are used in the approximate analysis. Only 
linear behavior is treateq, and the burning is as-
sumed to respond instantaneously to each harmonic 
of the pressure distllrbance. 
Both kinds of analyses will accommodate dis-
tributipns of particle sizes, but the results covered 
here will be for a single particle size only. 
VI. Development of Waves in a Box 
This is the simpJ est kind of problem which can 
be treated. There is no combustion or flow; a 
two-phase mixture of gas and particles is con-
tained j.n a box endos ed by a rigid boundary. lni_ 
t~ally, a disturbance is introduced having the form 
of the flll1damental mode for the box. Thus, the 
unfitea,dy pressure fluctuation has one or the other 
of the two forms for t ~ 0: 
L (t~O) = L>pcos {¥ )cos ~:t 
Po 
( lTz) • L>p cos L 8m ~,t 
(6. 1) 
(6. 2) 
In the first case, the velocity fluctuation is eveJ!y-
where zero initially; and in the second case, the 
veloci ty fl uctuation is non - zero, and the pre s sure 
fluctuation is zero. The first case is somewhat 
easier to handle in the numerical analysis because 
the velocities of the particles and gas are every_ 
where zero at t = 0 . 
Figures 1-5 show some waveforms computed 
by \lsing the two analyses, for the cases of parti-
cle diameters ranging from zero (i. e., no parti-
cles present) to 100 microns. The ratio of the 
mass of condensed matter to the mass of gas is 
0.36, and in all cases the frequency is 900 Hz. 
That the exact analysis is for a nonlinear drag 
law, and the approximate analysis is for a linear 
dr<\g law must be taken into account when these 
results are examined. The exact analysis has not, 
to the present time, been performed for a linear 
drag law. 
The case C = 0 (no particles) shows most 
clearly that the approxill1ate analysis involves only 
a small number (here, five) of harll1onics. Figure 
1 shows very obviously the generation of the har-
nlOnics due to nonlinear coupling. The exact solu-
tion exhibits the steepening one would expect on 
the leading edge of the wave, ultill1ately becoll1ing 
too sharp to be accomll1odated accurately as the 
analysis is presently constructed. A peculiar dif-
ference appears in the approximate analysis be-
tween the two initial conditions, shown in Figure2, 
The reslllt for the condition (6.2) is in better 
agreell1ent with the exact solution, for reasons not 
known at this time. 
Figures 3-5, illustrating the influence of the 
dissipation of E;nergy, for the mOst part exhib~t 
the behavior one would expect. However, a few 
qetails were not anticipated. The curves for the 
pressure disturbanres at the center of the box, and 
the curves labeled "even harll1onics" for the ap-
proximate analysis, show the initial generation 
and eventual attenuation of higher even harmonics. 
Ultill1ately, for sll1all all1plitudes, the attenu_ 
ation coefficient Cl = ,. -1 ~n op, where" is the peri_ 
od and op is the difference in peak pressure for 
two successive maxima, approaches the value ex-
pected froll1 linear analysis (eq. 7.3). For large 
all1plitudes, the value of 0. is substantially differ-
ent froll1 the linear value, and depends both on the 
amplitude and on the previous history of the wave. 
T)le reason for this is that if the initial condition 
includes only the first harmonic, the all10unt of 
higher harmonics present depends on how long the 
wave has developed. Thus, for exall1ple, the value 
of afar a wave initially started with L>p = .05 is in 
the first cycle of decay, different from the value 
of a. at the s all1e all1plitude for a wave which has 
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Fig. 1. Developrpent of a Wave, No Particles; 
L>p = 011 at t=O. 
0.15 
2.0 4.0 6.0 8.0 
NQNDIMENS!QNAL TIME 
(?I) exact solution 
0.150 
... O.1500~-""""'-,":'O~01----:.O";0":'2---.0...JO-:J---.O""'04 
TIME: (SEC.) 
(b) ~pproximate solution 
decayed from, say, an initial all1plitude of .2. 
Table 6. 1 shows th" values of 0. and the corre-
sponding all1plitude~ for two cases of waves in a 
gas containing particles having diameter equal to 
8 microns. The waveforll1s for these cases are 
shown in Figure 4. The rather large changes in 
attenuation coe~ficient with amplitude and between 
the e'1'act and approxill1ate solutions are not ap-
parent from the waveforms themselves. The 
IIharp, almost discontinuous, changes appearing 
in some of the appr:)ximate results are presently 
unexplained; they may be associated with limita-
tions of the numerical routine used to solve the 
nonlinear differentia.! equations. 
As one should expect, the attenuation coeffi-
ciep.t is not constant as the wave decays. For the 
approximate solution, the change in 0. is due to the 
Table 6. I Calc ulated Attenuation Coefficients; Diameter of Particles Is 8 Microns (line~r value: 
0. ~ 582 sec-I), 
Initial Amplitude 5 per cent 
El'act Apl:roximate 
C:z::el!' Anlpl itud., a I s,'t" - J ) ~.:yd" Amplitude (l (sec -I) 
.osn . ()~() 
.030 ·HIZ • Qll) 578 
.03 .025 
Z 
.018 430 T 012 
591 
.018 .012 
3 
· 011 
450 3 
.0057 595 
.0057 
-± 
.0030 503 
Initial Amplitl:de 20 per cent 
Exact A~J2roximate 
Cycle AmElitude 0. (sec-I) Cycle Amplitude et,(sec- l ) 
.200 .200 
· 136 
340 
.099 557 
· 136 .099 
2 
.088 366 l .048 650 
.08S .048 
.) 
.056 384 3 .021 643 
.056 .021 
.035 389 4 .009 545 
Figure 4. Development of a Wave, No Particles; Approximate Solution for Two Initial Conditions. 
(a) initial condition (6. 1) (4!>P =.2 at t~ 0) 
nonlinear coupling between harmonics. In the ex-
act solution, the nonlinear drag law also influences 
the behavior, but the limited results obtained so 
far do not allow one to separate the relative im-
portance of the two nonlinear processes. Note 
particularly that for the exact solution, the level 
7 
0,60 
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(b) initial condition (6.2) (6p ~ .2 at t = 0) 
;, I i \ I ' 
of 0. is .. maller for larger amplitudes; the trend is 
reversed in the approximate solution. 
It appears from the exact solution that tenta-
tivel:z:: one may offer the following generalizations. 
For both large and small particles, in the presence 
Figure 3. Attenuation of a Wave, a - :> n1icrons, 
6p - O. Z at t - O. 
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Fi~(lrc' 4. Attenuation of a Wave, a - 8 microns. 
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a) 6p =.05 at t= 0; exact solution 
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(b) 6p = • 05 at teO; approximate solution 
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(c) 6p = 0.2 at t= 0; e»act solution 
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(d) 6p = 0.2 at t= 0; approximate solution 
Figure 5. Attenuation of a Wave, 11 = 100 microns. 
Ll.E-=-___ ~~t = 0; exact solution. 
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of an initially pure fundamental wave, the attenua-
tion coefficient as a function of amplitude first in-
creases with amplitude. It may then decrease 
slightly, but for large amplitudes increases mono-
tonically with amplitude. For particles near the 
optimum size for a given freq uency, the attenua. 
tion appears to decreas e slightly with amplitude. 
It is not clear at this time just how much of this 
behavior should be attributed to the nonlinear drilg 
law. 
For the frequency (900 Hz) chosen for these 
calculations, the particle size for maximum linear 
attenuation is about 8 microns. The linear attenu-
ation coefficients at this frequency are 143 sec-I, 
582 seC l , and 8.6 sec l for the 3, 8, and 100 
micron particles, respectively. Smaller sizes 
more effectively attenuate the higher freq uencies 
generated by the nonlinear gasdynamics. Com_ 
parison of Figures 3a, 4c, iUld 5 show this feature 
very clearly for the exact solution. Indeed, the 
largest (100 micron) particles so ineffectively 
damp the higher freq uencies that the wave quite 
rapidly develops a very sharp front. The approx-
imate analysis produces qualitatively the same 
behavior. 
VII. Some Results for a Small Motor 
The results covered in this section are part 
of some calc ulations performed to interpret a 
series of tests carried out several years ago 
(Ref. 18). In the following table, the data re-
g uired for the approximate analysis are listed. 
Most are also required for the exact analysis; but 
in that case, the mean pressure, the response of 
the burning rate, and the speed of sound are com_ 
puted as part of the solution. 
Geometric Variables 
length 
port radius 
throat area/port area 
L = 0.5969 m 
rc = 0.0253 m 
J=0.137 
9 
- .3 Combustion Variables 
linear burning rate 
parameters in the 
r = .00813 (s%o) m/sec 
combustion 
response 
mean pressure 
chamber temperature 
mass particleo/mass gas 
particle diameter 
Physical Properties 
Prandtl nu,rnber 
thermal diffusivity of 
A = 6.0 B. " 0.55 
Po = 1568 psia 
Tc = 3540 0 K 
Cm = .36 
11 = 2 x 10-6 m 
Pr = .8 
)( = 0.001 cm2 /sec propellant 
specific heat of gas 
specific heat of con-
dens ed material 
C p = 2020 Joule/kgm- OK 
coefficient of visco~ity 
density of particle 
material 
C s = . 68 C 4 T . 66 
\J = 0.8834xlO- C4~5) 
density of gas 
'( (gas only) 
Ps 4.0 gm/cm3 
P g = 9.15(1 :~O )(3:~0) 
'( (mixture) 
. gas cons tant 
,(=1.23 
'((l+C C /C ) 
-_ m s p 
'( - (l +C '( C I C ) 
m s p 
R (,(-l)C p /'( 
I speed of sound in gas/ 
particle mixture a CyRT /(l+C )]Z 
o c m 
7. 1 Contributions to the Linear Growth Rate (Ap-
proximate Analysis) 
Four contributions to linear stability are in-
cluded in the approximate analysis; they arise 
from the noz:z;ie, condensed material in the gas 
phase, inelastic acceleration of the flow leaving 
the burning surface, and the driving due to com-
bustion. The formulas for the corresponding 
growth coefficients (0. > 0 for driving) are: 
0. = 
nozzle 
~ 
-a (d.)(_2 )2(Y-l) 
o L ItY 
!!- - - (1 +C ) ~ I r flow - m b c 
2 
{ 
~J 'I'd 
o.particles -Cm 2 
l+(wTd ) 
C1 = '( ub (l+C )R (r) 
combus~ion r m b 
c 
(7. I) 
(7.2) 
(7.4) 
where ~ is the average speed of the material 
leavingtne burning surface, "t = 3(C s Pr/C )Td 
and"d is thE; relaxation time for the particfe mo-
tion' 2 
'T'd=Ps11/l8\J (7.5) 
The formula (7. 3) LlS ed for the attenuation by the 
particle/ gas motions may be found in ref. 19; it 
may also be found directly by using the linear sta-
bility analysis discussed in refs. 4 and 5. The 
loss due to flow turning has been discussed in 
ref. 4. 
Because th£'re are tinle lags associatE'd with 
the motion of thE' particles and the respons£' of the 
burning surface, those processE'S also contribute 
to the quantity e defined in § 4: 
e c rt particles - particles (7.6) 
e combustion' -
R (i) 
b 
R (r) 
b 
o.combustion . (7.7) 
:-Jote that the frequency, depends on the har-
monic, so while (7. I) and (7.2) have the same val-
ues for all harmonics, (7.3)-(7.7) do not. 
The real part Rb(r) of the response function 
for A = 6 and B = .55 and .56 is plotted in Fig-
ure 6. It happens that in this range of parameters, 
the response is very sensitive to the value of B. 
In Figure 7, the values of 0. and 9 for the first five 
harmonics are shown. The vertical line is drawn 
at 900 Hz to emphasize the v",lues associated with 
an example given below. Note that only the first 
harmonic is unstable (i. e., , > 0) at this freq uency. 
Figure 6. The Real Part of the Linear Harmonic 
Response Function for A = 6.0 and B = 
0.55, 0.56. 
:6 r 
tB= 0.55 I , 
'2~ B = 0.56 
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.n = rzW 
Figure 7. Linear Coefficients for Five Haqnonics. 
-::c:;~ 
(a) first harmonic 
8.2 Computation of an Unstable Disturbance 
The driving for an unstable motion derives 
irom the interactions between the pressure dis-
turbance and the burning processes. According to 
linear theory, it is the real part of the response 
function which mainly contributes. For the data 
and formulas given above, the linear growth con-
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Figure 7. Linear Coeffici"nts (continued). 
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(d) fourth harmonic 
stants for A = 6 are (1.1 = 8.68 sec -I when B = . 55 
and 0- 1 = -9.5 sec-
I The.difference, causing a 
small disturbance to be unstable for Boo. 55 and 
stable for Boo. 56, is due solely to the change in 
the response function, shown in Figure 6. 
Both the exact and approximate analyses show 
stability for B = . 56 and instability for B = • 55 when 
A = • 55. Because the exact analysis incorporates 
a nonlinear calculation of the burning response, 
unique values if A and B cannot be assigned, ex-
cept for infinitesimally small amplitudes. Howev-
er, the conclusion concerning stability is valid. 
Figure 7. Linear Coefficients (continued). 
-33X, 
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(e) fifth harrrlOnic 
C ,,1, ulated results are shown in Figures 8 and 9 
fe)r an initial distllrbance having the form of the 
fundamental mode with an amplitude of 5 per 
cent of the Inean pressure. The limiting ampli-
tudes reached are considerably different -- ap-
:Jroximately 4.2 per cent for the exact analysis and 
4.9 per cent for the approximate analysis. In 
Figure 9, the history of the amplitudes for the 
five harn1.onics is sho\vn. 
Figure 8. Transient Waveforms for an Unstable 
Disturbance. 
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(a) exact solution 
It is not possible at this time to state definite-
ly which process accounts for the difference __ 
possibly, of course, all do. The approximate anal-
ysis demonstrates that the gas dynamic nonlinearity 
alone serves to limit the amplitUdes at reasonable 
values. Moreover, even with only five harmonics 
accounted for, the waveform does not appear 
greatly different fJ:"om that compute~ wit::h...!he exact 
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Figure 8. Transient Waveforms (continued). 
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(b) final waveform, approximate solution 
analysis (Figure 8). This is a striking and very 
encouraging res ult. 
Figure 9. Growth of the Amplitudes of the First 
Five Harmon..ic§ .• 
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The nonlinear behavior of the burning rate 
probably has little influence on the limiting oscil-
lations. Figure 10 shows the fluctuations of pres-
sure and burning rate for two calculations using 
the exact analysis: in one the linear representa-
tion is used, and in the other the response was 
calculated using the nonlinear differential equa-
tions. The values of A and B are different, but 
otherwis e all numerical values are identical to 
those listed above. While the unsteady burning 
rate is obviously different for the two cases, the 
pressure wave in the chamber appears essentially 
the same. Moreover, the average burning rate is 
essentially the same for the two cases. 
Consequently, one is inclined at present to 
ascribe the difference shown in Figure 8 to the 
nonlinear behavior of the particles, nozzle, or 
gasdynamics. The first two are included as linear 
processes in the approximate analysis, and the 
last has been treated only to second order. The 
res ults of § 6 suggest that the nonlinear behavior 
of particle motions may indeed be very significant 
to the detailed behavior of the acoustic waves. In 
later work, both this and a better approximation 
to the nonlinear acoustics will be examined within 
the framework described in I) 4. No statement can 
be made concerning the influence of nonlinear be-
havior of the nozzle. This is much lllore difficult 
to incorporate in the approxilllate analysis. 
Figure 10. Comparison of Linear and Nonlinear 
Burning Rates (Exact Solution). 
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a) Linear burning rate (A - 5, B ~ .48) 
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b) Pressure wave for the burning rate of a) 
VIII. Concluding Remarks 
The res ults of both the exact and approxilllate 
analyses are very encouraging. It lllUSt be elllpha-
sized that the exact numerical analysis serves two 
prilllary purposes: as a llleans of interpreting data 
such as thos e lllade available to the authors by 
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c) Nonlinear burning rate (A ~ 5, B .48) 
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d) Pres sure wave for the burning rate of c I 
r'ef. 18, and as a check of approxilllate analyses 
such as that discussed in the present work. Both 
analyses seelll to agree very well in the linear 
liInit; the present results, together with others not I 
reported here, indicate that wi th realistic values of 
all input parallleters (including those appearing in 
the cOlllbustion response) the stability of the dis-
turbances is cOlllputed to be at least in qualitative 
agreelllent with the observations of ref.18. There 
are, however, difficulties and uncertainties in pre-: 
dieting trends with n,ean pressure. 
It is partie ular 1 y to be noted (1) that the val ue 
of the response function (3. I for the result shown 
in Figures 8 and 9) is, as far as presently is 
known, a reasonable value; and (2) that the lilllit-
ing amplitudes also appear to be in fairly good 
agreement with observed valueH. 
In a somewhat lTIOre general vein, the results 
presented in this work justify the following obser-
vations: 
1) The substantial difference in the behavior of the 
approximate sol ution with a change of initial con-
dition (Figure 2) suggests that the expansion of the 
original differential equations should b" car ried 
out-to third order if amplitudes larger than 10 per 
cent (roughly) are to be treated. 
2) The results shown in Figure 10 imply that for 
amplitudes roughly less than 10 per cent (and per-
haps larger as well - the limit has not been estab-
lished) it is sUfficiently accurate to uSe a linear 
representation of the combustion response. 
3) The comparison of the exact and approximate 
results for the attenuation of waves by gas / particle 
interactions demonstrates that for transient mo-
tions, even when small amplitudes are reached, a 
nonlinear drag law should be used. The combined 
influences of the nonlinear generation of harmonics 
and the dependence of attenuation (by particle/ gas 
interactions) on frequency are very important dur-
ing the first few cycles of transient decay. 
4) With the approximate analysis, fairly reason-
able results are obtained even when the only non-
linear process is gasdynamics. But undoubtedly 
better values for the limiting amplitude will be 
found when nonlinear gas / particle interactions are 
accounted for. For very large amplitudes - the 
lower bound has not been found - it will be neces-
sary to use a nonlinear representation of the com-
bustion response. 
Perhaps the most important general conclu-
sion is that the limiting amplitUde of many ob_ 
served instabilities in motors is undoubtedly dom-
inated by gas dynamic nOnlinearities, with nonline-
ar gas/particle interactions providing a further 
reduction. This implies that for a given propel-
lant, essentially the only practical means of af-
fecting the limiting amplitude must involve changes 
of geometry, including, perhaps, the use of sup-
pression devices. 
Obviously, one cannot claim to be in a position 
to compute from first principles the transient non-
linear behavior of disturbances in a rocket motor. 
Many of the required physical quantities are not 
known accurately -- for example, the sizes of 
particles in the flow, and most of the parameters 
appearing in the respresentation of the combustion 
response. However, the success which has been 
achieved is significant, especially compared with 
the very meager knowledge available several 
years ago. The usefulness of an elaborate nu-
merical analysis has been demonstrated, not only 
for increasing one's understanding of the proces_ 
seS involved in a motor, but also as a means of 
checking an approximate analysis. 
It is unlikely that a complete numerical analy-
sis will soon prove useful for studying three-di-
ITlensional ITlotions. In principle, such problems 
can be solved numerically, but at great expense. 
The approximate analysis can be used, not as 
cheaply and easily as for one-dimensional prob-
lems, but the increased effort is not at all un_ 
reasonable. Hence, it is important to establish 
the validity of the approximations. This can only 
be done by the sorts of computations reported 
here. 
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